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Abstract   Polymer density-functional theories (PDFTs) have distinct advantages in the study of polyelectrolyte (PE) systems over experiments

and molecular simulations. Here we give an introductory review of some PDFTs recently developed for PE systems. We start with a general formal-

ism of PDFTs and its relation to the widely used polymer self-consistent field theory (SCFT), then explain the various correlations that are neglect-

ed in SCFT but can be accounted for in PDFTs, including those due to the excluded-volume interaction and chain connectivity of uncharged poly-

mers, the electrostatic correlations of small ions, and the chain correlations in PEs. We also list some applications of PDFTs for PE systems, and fi-

nally  give some perspectives on future work.  We hope that  our  review can attract  more researchers  to apply and further  develop PDFTs as  a

promising class of theoretical and computational tools.
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1 INTRODUCTION

Polyelectrolyte  (PE)  systems  usually  consist  of  many  charged
polymers  (e.g.,  polystyrene  sulfonate,  polyacrylic  acid,  DNA,
RNA, and proteins) and ions in water, and are ubiquitous and in-
dispensable in many industrial and biological processes. PEs in-
clude,  for  example,  important  biological  molecules,  materials
used to deliver genes and vaccines, and molecules used as sta-
bilizers  in  food  and  pharmaceuticals.  The  behavior  of  PEs  gov-
erns the properties of biological fluids, the stability and safety of
food and pharmaceuticals, and molecular recognition in biosen-
sors, just to name a few. Despite their technological significance
to  many  disciplines,  however,  PEs  remain  among  the  least  un-
derstood  polymers  with  many  controversies  due  to  the  pres-
ence  of  both  short-range  (excluded-volume)  and  long-range
(Coulomb) interactions in these systems. Experiments on PE sys-
tems are  notoriously  difficult  to  do due to  the  many more  pa-
rameters that need to be well-controlled than uncharged poly-
meric  systems.  Full  atomistic  simulations  of  many-chain  sys-
tems are currently not feasible due to their formidable compu-
tational  requirements;  even  molecular  simulations  of  coarse-
grained  PE  systems  are  challenging  due  to  the  long-range  na-
ture  of  Coulomb  interactions.  While  these  problems  encoun-
tered in experiments and molecular simulations can be handled
in theories,  classical  mean-field  theories  of  PE  systems,  such as
the  Poisson-Boltzmann  and  Derjaguin-Landau-Verwey-Over-

beek  theories,  neglect  several  important  factors  including  the
system  fluctuations/correlations,  ion  specificity,  and  dielectric
mismatch between polymers and water (and confining surfaces,
if  present);  they  therefore  cannot  explain  many  fundamentally
important  but  controversial  phenomena  observed  in  experi-
ments  (e.g.,  the  Hofmeister  series,  effects  of  multivalent  ions,
like-charge attractions).

Here we give an introductory review of some polymer den-
sity-functional theories (PDFTs) recently developed for PE sys-
tems, which belong to the classical DFT and are very promis-
ing to overcome some of the above issues in classical  mean-
field  theories  including  the  widely  used  polymer  self-consis-
tent  field theory (SCFT).[1] The basic  idea of  DFT is  that  there
exists a unique free-energy functional of the spatially varying
particle  number  densities  for  a  system  under  given  external
potentials,  and  the  minimum  value  of  this  functional  gives
the equilibrium free energy of the system.[2,3] Our goal here is
not to be exhaustive, but to introduce PDFTs for PE systems in
a  progressive  way  to  researchers  who  are  new  to  them.  We
start  with  a  general  formalism  of  PDFTs  and  its  relation  to
SCFT (Sec. 2), then explain the various correlations that can be
accounted for in PDFTs, including those due to the excluded-
volume interaction and chain connectivity of uncharged poly-
mers  (Sec. 3)  followed  by  the  electrostatic  correlations  of
small  ions  (Sec. 4)  and  finally  the  chain  correlations  in  PEs
(Sec. 5).  We  also  list  some  applications  of  PDFTs  for  PE  sys-
tems  (Sec. 6),  before  we  give  some  perspectives  on  future
work  (Sec. 7).  We  hope  that  our  review  can  attract  more  re-
searchers to apply and further develop PDFTs as a promising
class of theoretical and computational tools.
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2 A GENERAL FORMALISM OF PDFTs OF PEs

PDFTs  are  usually  formulated  in  a  grand-canonical  ensemble.
For simplicity, let us consider a model PE system of m molecular
species in volume V at thermodynamic temperature T and giv-
en chemical potential μi of species i (=1, …, m); the system is in a
uniform  medium  of  dielectric  constant ε ≡ 4πε0εr,  where
ε0≈8.854×10−12 A2∙s2·J−1∙m−1 is  the  vacuum  permittivity  and εr
the relative dielectric constant of the medium (≈78.5 for water at
T=298 K), and under the given external potentials Vi(r) acting on
each segment of species i at spatial position r due to, for exam-
ple,  the  confinement  of  hard  (impenetrable)  surfaces.  Unless
specified  otherwise,  we  treat  species i as  a  (ungrafted)  ho-

σ̃i≡σi/σ Ṽ≡V/σ3 μ̃i≡μi/kBT Ṽi(r)≡Vi(r)/kBT ε̃≡εkBTσ/e2

mopolymer of Ni segments each having diameter σi and carry-

ing Zi elementary  charges e (≈1.602×10−19 A∙s),  with Ni=1  for

small-molecule  species  (e.g.,  ions)  and Zi=0  for  uncharged

species. Hereafter we take kBT as the unit of energy with kB be-

ing the Boltzmann constant, e as the unit  of  charge,  and some

segment diameter σ as the unit of length without loss of gener-

ality; all quantities used below are therefore dimensionless (e.g.,
, , ,  and ),

unless noted otherwise.

Ω ≡ Fid[{ρc,i}] + Fex[{ρi}] +∑
i
∫ dRi

The  grand  potential  of  our  model  system  is  given via the

Legendre  transform  as 

 

Table 1    List of Symbols and Acronyms.
 

~ dimensionless f̂ Fourier transform of a radial function f(r)
Superscripts:
B bonded C Coulomb
CH chain connectivity ex excess
id ideal S shell
Subscripts:
b bulk c chain

i, j species r reference

s, t segment
Symbols:
c(r) direct pair correlation function δ(r) Dirac δ-function
e elementary charge ε dielectric constant
ε0 vacuum permittivity εr relative dielectric constant
f Helmholtz free-energy density F Helmholtz free energy
Φ(r) local Helmholtz free-energy density g(σ) contact value of the radial distribution function
h truncation distance h(r) total pair correlation function
kB Boltzmann constant m total number of molecular species

μ chemical potential mα(r), nα(r) weighted densities
N chain length q(r) propagator
Θ(r) Heaviside step-function r, R spatial position
R radius ρ number density
s(r) local charge density σ hard-sphere diameter
T thermodynamic temperature u internal-energy density

u(r) non-bonded pair potential UB
c bonded energy of a chain

v excluded-volume parameter V volume
V(r) external potential wα(r;R) scalar weight functions
wα(r;R) vector weight functions Ω grand potential
y(σ) contact value of the cavity correlation function ψ(r) electrostatic potential
Z valence
Acronyms:
BFD bulk fluid density BPE block polyelectrolyte
CCF cavity correlation function CHS charged hard sphere
CJ Chang and Jiang CKE Chapman-Kolmogorov equation
CSM charged-shell model DFT density-functional theory
EC electrostatic correlation ELE Euler-Lagrange equation
EXP exponential approximation fCSM full charged-shell model
fMSA functionalized mean-spherical approximation FMT fundamental measure theory
HS hard sphere JGW Jiang, Ginzburg and Wang
LW Li and Wu MC Monte Carlo
MF mean-field mfMSA modified functionalized mean-spherical approximation
mFMT modified fundamental measure theory MSA mean-spherical approximation
OZ Ornstein-Zernike PCF pair correlation function
PCM point-charge model PDFT polymer density-functional theory
PE polyelectrolyte PY Percus-Yevick
QJ Qing and Jiang RDF radial distribution function
RFD reference fluid density SCFT self-consistent field theory
tCSM truncated charged-shell model THSC tangent hard-sphere chain
TPT thermodynamic perturbation theory TPT1 first-order thermodynamic perturbation theory
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(∑Ni

s=1
Ṽi(Rs,i) − μ̃i) ρc,i(Ri) Fid[{ρc,i}] = ∑

i
∫ dRiρc,i(Ri)(lnρc,i(Ri) − 1 + UB

c,i(Ri))

∫ dRi ≡ ∏Ni

s=1
∫ dRs,i UB

c,i

UB
c,i = 0

ρi(r) ≡ ∑Ni

s=1
ρs,i(r)

ρs,i(r) ≡ ∫ dRiρc,i(Ri)δ(r − Rs,i)
δΩ/δρc,i(Ri) = 0

,[4] where 

 is  the exact Helmholtz  free energy  of

an  ideal  system  (i.e.,  same  as  the  above  model  system  but
without  non-bonded  interactions)  written  as  a  functional  of
the (dimensionless)  chain number density  distribution ρc,i(Ri)
of species i, Ri≡{Rs,i} denotes a chain configuration of species
i with Rs,i being  the  (dimensionless)  spatial  position  of  seg-

ment s (=1, … , Ni) on the chain and , 

is the bonded energy of a chain of species i (note that 
for  small-molecule  species),  and Fex[{ρi}]  is  the approximate
excess Helmholtz free energy of the above model system due
to  its  non-bonded interactions  written  as  a  functional  of  the

total  segment  number  density  profile  of

species i with . Setting the func-

tional derivatives  then  gives  the Euler-La-
grange equations (ELEs) for the equilibrium segment number
density profiles

ρs,i(r) = exp (μ̃i)∫ dRiexp (−UB
c,i(Ri) −∑Ni

s=1
λi(Rs,i)) δ(r − Rs,i) (1)

λi(r) ≡ δFex/δρi(r) + Ṽi(r)
δFex/δρc,i(Ri) = ∑Ni

s=1
δFex/δρi(Rs,i)with  for all s and i, which minimize Ω;

note  that  we  have  used  to

obtain the above equation.

2.1 Relation to SCFT

FMF[{ρi}] = ∫ drdr′ ∑
i
∑

j
ρi(r)uij(∣r − r′∣)ρj(r′)/2

UB
c,i(Ri) = ∑Ni−1

s=1
uB
i (∣Rs+1,i − Rs,i∣) uB

i (r)
∫ drexp (−uB

i (∣r∣)) = 1

With uij(r)  denoting  the  (isotropic)  non-bonded  pair  potential
between  segments  of  species i and j,  the  simplest  approxima-
tion for Fex,  known as the mean-field approximation,[5] is  given

by ;  substitut-

ing it  into  Eq.  (1)  leads  to  the  widely  used SCFT[1],  which
neglects  the  system  correlations/fluctuations.  This  can  be
easily  seen  in  the  case  of  flexible  chains,  where

 with  denoting  the  nor-

malized  (i.e., )  bonding  potential  be-

tween two adjacent segments on a chain of species i and Eq. (1)
becomes:

ρs,i(r) = exp (μ̃i)∏s−1

t=1
∫ dRt,i ⋅ exp (−∑s−2

t=1
uB
i (∣Rt+1,i − Rt,i∣)−

∑s−1

t=1
λi(Rt,i)) ⋅ ∫ dRs,iδ(r − Rs,i)exp (−uB

i (∣Rs,i − Rs−1,i∣) − λi(Rs,i))
⋅∏Ni

t=s+1
∫ dRt,i ⋅ exp (−uB

i (∣Rs+1,i − Rs,i∣) −∑Ni−1

t=s+1
uB
i (∣Rt+1,i − Rt,i∣)

−∑Ni

t=s+1
λi(Rt,i))

λi(r) = λSCFT
i (r) = ∫ dr′ ∑

j
uij(∣r − r′∣)ρj(r′) + Ṽi(r)

qs,i(r) ≡ exp (−λi(r))∏s−1

t=1
∫ dRt,i ⋅ exp(−uB

i (∣r − Rs−1,i∣) −∑s−2

t=1

uB
i (∣Rt+1,i − Rt,i∣) ∑s−1

t=1
λi(Rt,i))

with  and  the

“∙” indicating  that  the  products  before  it  do  not  apply  to  the
terms  after  it  (but  the  integrals  do);  defining  the  one-end-
integrated  forward  propagator  (as  commonly  used  in  SCFT)

 –  of  species i,  which  corresponds

to  the  probability  of  finding  a  partial  chain  of s segments  of
species i that ends at r and satisfies the Chapman-Kolmogorov

qs,i(r) = exp (−λi(r))∫ dr′exp (−uB
i (∣r − r′∣))

qs−1,i(r′) q1,i(r) = exp (−λi(r))
q†
s,i(r) ≡ exp (−λi(r))∏Ni

t=s+1
∫ dRt,i⋅

exp (−uB
i (∣Rs+1,i − r∣) −∑Ni−1

t=s+1
uB
i (∣Rt+1,i − Rt,i∣) −∑Ni

t=s+1
λi(Rt,i))

qNi−s+1,i(r)
ρs,i(r) = exp (μ̃i + λi(r)) qs,i(r)q†

s,i(r)
ρi(r) = exp (μ̃i − λi(r)))

equation  (CKE) 

 for s=2,  …, Ni with ,  and  similarly

the  backward  propagator 

,

which  for  homopolymers  is  just ,  we  obtain

 (for  small-molecule  species
this becomes . Note that the propagators
defined here are slightly different from the q-functions used in
Ref. [6] or the G-functions in Ref. [7], but the same as the G-func-
tions in Ref. [8].

∫ druij(∣r∣)
∫ dru0,ij(∣r∣) = 1 ∞

ρ ≡ ∑
i
niNiσ

3/V

As  recently  noted  by  one  of  us,  for  systems  with  short-
range uij(r)  SCFT  can  only  be  applied  to  soft-core  models,

where  is  finite (for  all ij-pairs)  and one can define

the  excluded-volume  parameters vij>0 via uij(r)=viju0,ij(r)  with
the  normalized  non-bonded  pair  potentials u0,ij(r)  satisfying

;  in  the  limit  of  the  number  of  chains ni→

(for all species i), with vij∝ρ−1 and  denoting
the total segment number density in the system (in a canoni-
cal ensemble), the mean-field approximation inherent in SCFT
becomes exact  and there  are  neither  fluctuations  (which are
due  to  the  presence  of  different  energy  levels)  nor  correla-
tions (which are due to the finite non-bonded interactions) in
the  system.[9,10] The  various  correlations  neglected  by  SCFT,
however,  can  be  accounted  for  in  PDFTs,  as  shown  in  Secs.
3–5 below.

2.2 On the Mean-Field Contribution due to the
Coulomb Interaction

uC(r) = 1/ε̃r
uij(r) = ZiZju

C(r) ∫ druC(∣r∣)
ε̃∇2ψ(r) = −4π∑

i
Ziρi(r)

FMF
PCM[{ρi}] = ∫ drψ(r)∑

i
Ziρi(r)

FMF
PCM[{ρi}] = ∫ drdr′ ∑

i
∑

j
ZiZjρi(r)uC(∣r − r′∣)ρj(r′)/2

∫ drdr′ ∑
i
∑

j
ZiZjρi(r)uC(∣r − r′∣)ρj(r′)/2 ∫ dr∑

i
Ziρi(r)ψ(r)

= (̃ε/8π)∫ dr∣∇ψ(r)∣2 ψ(r) ≡ ∫ dr′ ∑
j
Zju

C(∣r − r′∣)ρj(r′)
FMF

PCM

FMF
PCM[{ρi}, ψ]=∫ dr [ψ(r)∑

i
Ziρi(r)−(̃ε/8π) ∣∇ψ(r)∣2] δFMF

PCM/δψ(r) = 0

Taking the Coulomb potential  between two (point)
elementary charges separated at a distance r as an example (i.e.,

with ),  while  diverges,  the  (long-

range) Coulomb interaction can be treated in SCFT by introduc-
ing  the  mean-field  electrostatic  potential ψ(r)  satisfying  the

Poisson  equation  with  appropriate

boundary conditions. The mean-field contribution to Fex due to
the Coulomb interaction, FMF, of this point-charge model (PCM)

is  then given by .  Alternatively,

one  can  use  the  mean-field  approximation  to  write

. With

= /2

, where 

is  the  electrostatic  potential,  one can  re-write  also  as  a

functional  of ψ(r), i.e., 

;  setting  then gives the Pois-

son equation.[11,12]

σ̃i/2

For the reason given at the end of Sec. 4.1 below, Gillespie
and  co-workers[13−17] used  the  charged-shell  model  (CSM)[18]

for FMF,  where  the  charges  carried  by  an  ion  of  species i at,
without loss of generality, ri=(0,0,0) are evenly distributed on
a  spherical  shell  of  radius Ri (which  may  not  be )  cen-
tered  at ri;  its  local  charge  density  is  therefore  given  by

1304 Zhang, J. W. et al. / Chinese J. Polym. Sci. 2024, 42, 1302–1312  

 
https://doi.org/10.1007/s10118-024-3197-2

 

https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2


si(r) = (Zi/4πRi
2) δ (∣r∣ − Ri)

ψi(r) = ∫ dr1si(r1)/ε̃ ∣r − r1∣
φ1

ψi(r) = Zi/ε̃max(r, Ri)

sj(r) = (Zj/4πRj
2) δ (∣r − rj∣ − Rj)

uS
ij(rij) = ∫ drsj(r)ψi(r)

uS
ij(rij) = ZiZj/ ε̃rij

uS
ij(rij) = ZiZj/ ε̃Ri uS

ij(rij) = ZiZj
2ε̃

(∫ t′

−1
dt

1
Ri
+

∫ 1

t′
dt

1√
rij2 + Rj2 + 2rijRjt

⎞⎟⎠ ZiZj [2rij (Ri + Rj) − (Ri − Rj)2
− rij

2]
4ε̃RiRjrij

t′ ≡ cosθ′ = (Ri2 − Rj
2 − rij

2)/2rijRj

FMF
CSM[{ρi}] =

∫ drdr′ ∑
i
∑

j
ρi(r)uS

ij(∣r − r′∣)ρj(r′)/2 FMF
CSM[{ρi}, ψ]=∫ drdr′

∑
i
∑

j
ρi(r)Δuij(∣r − r′∣)ρj(r′)/2 + FMF

PCM[{ρi}, ψ] Δuij(r) ≡
uS
ij(r) − ZiZju

C(r)
(ZiZj/ ε̃) (1/Ri − 1/ r)

−ZiZj(r − Ri − Rj)2/4ε̃RiRjr

, and the electrostatic potential at r

generated by this ion, ψi(r), depends only on r ≡ |r| due to the
spherical  symmetry.  Without  loss  of  generality,  we  can  take

r=(0,0,r)  and  obtain ;  integrating

over r1 = (r1,θ1, )  in  the spherical  coordinates shown in Fig.
1(a) then gives . As expected, ψi(r) is con-
stant inside the shell,  and is the same as that generated by a
point  charge Zi at ri outside  the  shell.  Similarly,  the  charges
carried by an ion of species j at rj are evenly distributed on a
spherical shell  of radius Rj with its local charge density being

. Without loss of generality, we

take Ri≥Rj, rj=(0,0,rij)  with rij≡|ri−rj|,  and r =  (Rjsinθcosφ,
Rjsinθsinφ, rij+Rjcosθ);  the  pair  potential  between  these  two
ions  due  to  their  Coulomb  interaction  is  therefore  given  by

. Since the integral over r is equivalent to

that over r2=(r2,θ,φ) in the spherical coordinates originated at

rj as shown in Fig. 1(a), we finally obtain  if rij >

Ri + Rj,  if rij<Ri−Rj, and 

 = 

otherwise with  as shown in

Fig.  1(b).  The  same  results  were  recently  obtained  by  Jiang
and Gillespie,[17] who pointed out that the case of rij < Ri − Rj

was missed in  Refs.  [13−16].  They then re-wrote 

 as 

 with 

, and  further  introduced  the truncation  dis-

tances hi and hj for  ions  of  species i and j,  respectively,  such
that Δuij(r)=0 if r > hi + hj,  if r < Ri − Rj, and

 otherwise;  they  referred  to  this  as

hi = σ̃i/2 < Ri

the full  charged-shell  model (fCSM) when hi = Ri for all i,  and
the truncated charged-shell model (tCSM) otherwise.[17] To be
more specific,  for all i is used in tCSM hereafter.

3 CORRELATIONS FOR UNCHARGED POLYMERS
(THSCs)

As noted at the end of Sec. 2.1, the various correlations neglect-
ed  by  SCFT  can  be  accounted  for  in  PDFTs.  In  particular,  most
PDFTs  for  PEs  are  based  on  that  of  Yu  and  Wu[7,19] for  un-
charged  tangent  hard-sphere  chains  (THSCs),[4] which  uses
Rosenfeld’s  fundamental  measure theory (FMT)[20] or  one of  its
improved  versions  (modified  fundamental  measure  theories,
mFMTs)[21,22] to account for the correlations due to the exclud-
ed-volume  interaction  in  (inhomogeneous)  HS  mixtures  and
Wertheim’s  first-order  thermodynamic  perturbation  theory
(TPT1)[23] extended  to  inhomogeneous  systems[7,24] to  account
for  the  correlations  due  to  the  chain  connectivity;  beyond  the
HS  interaction,  (short-range)  interaction  potentials  such  as  the
square-well,  Yukawa,  or  Lennard-Jones  potentials  are  usually
treated with the mean-field approximation.[5]

FHS =

∫ drΦHS(r)
ñ2(r) ≡ ∑

i
ñ2,i(r)

ñ2,i(r) ≡ ∫ dr′ρi(r′)w̃2(∣r − r′∣ ; σ̃i/2) n3(r) ≡ ∑
i
∫ dr′ρi(r′)w3(∣r − r′∣ ; σ̃i/2) ñ2(r) ≡ ∑

i
ñ2,i(r) ñ2,i(r) ≡ ∫ dr′ρi(r′)w̃2(r − r′; σ̃i/2) w̃2(r; R) = δ(r − R) w3(r; R) = Θ(R − r)

w̃2(r; R) = −∇w3(∣r∣ ; R) = δ(∣r∣ − R)r/∣r∣
nα(r) ≡

∑
i
nα,i(r) nα(r) ≡ ∑

i
nα,i(r)

n2,i(r) = ñ2,i(r)/σ n0,i(r) = n2,i(r)/πσi
2 n1,i(r) = n2,i(r)/2πσi

n2,i(r) = ñ2,i(r)/σ n1,i(r) = n2,i(r)/2πσi

n1,i(r) = ρi,bσi/2
ΦHS

FMT(r)= [−ñ2(r)ln (1−n3(r))
+ ñ2

2(r)ζ(r)/2 (1−n3(r))+ñ3
2(r) (3ζ(r)−2)/24(1−n3(r))2] /π

ζ(r) ≡ 1 − ñ2(r) • ñ2(r)/ñ2
2(r)

ΦHS
mFMT(r) = [−ñ2(r)ln (1 − n3(r)) + ñ2

2(r)ζ(r)/
2(1 − n3(r)) + ν(r) (3ζ(r) − 2)/36] /π ν(r) ≡ (ñ3

2(r)/n3(r))[1/(1 − n3(r)) + ln (1 − n3(r))/n3(r)] FHS
mFMT = ∫ drΦHS

mFMT(r))

For an inhomogeneous mixture of uncharged HSs (i.e., Zi=0
and Ni=1  for  all i),  FMT[20] or  mFMT[21,22,25,26] gives  its  excess
Helmholtz  free  energy  due  to  the  HS  interaction  as 

,  where  ΦHS(r)  is  the  corresponding  local  excess

Helmholtz free-energy density at r and written as a function of

three independent weighted densities:  with

, 

, and  with 

; here  and  are
scalar  weight  functions, 

 is a vector weight function, and Θ(x≥0)=1 and 0 otherwise
is  the  Heaviside  step-function  (note  that  six dimensional
weighted  densities  are  used  Refs.  [20−22,25−26]: 

 for α=0,1,2,3  and  for α=1,2  with

, , ,

 and ;  for  a  bulk  (i.e.,  in-
finitely  large and homogeneous,  denoted by a  subscript “b”)
system where ρi(r) = ρi,b for all i (here these are segment num-
ber  densities  having  the  dimension  of  1/V),  one  obtains
n0,i(r)=ρi,b, , n2,i(r) = πρi,bσi

2, n3,i(r) = (π/6)ρi,bσi
3,

and nα,i(r)=0 for α=1,2). FMT gives 

 with

,  which  for  a  bulk  system  be-
comes the same as the excess Helmholtz free-energy density
given  by  the  scaled-particle  theory,  as  well  as  the  Ornstein-
Zernike  (OZ)  equation  with  the  Percus-Yevick  closure
(referred to as the PY theory) via the compressibility route, for
HSs.[20] The  most  commonly  used  (but  not  the  most  accu-

rate)  mFMT  gives 

 with 

 (thus 

, which gives  the  Boublik-Mansoori-Carnahan-Starling-Le-
land equation of  state[27,28] for  a  bulk  system of  HSs  and has

 

Ri

θ

θ1

Rj
rj

r1

x

r2=r

z

φ

ri

Ri

θ’

θ1

Rj

rj

x

z

ri

a b

 
Fig. 1    Schematics for the charged-shell model, where two ions of
species i and j having the charged-shell radii Ri and Rj,  respectively,
are located at ri and rj. |ri – rj| > Ri + Rj in (a) and Ri + Rj > |ri – rj| > Ri –
Rj in (b). See the main text for more details.

  Zhang, J. W. et al. / Chinese J. Polym. Sci. 2024, 42, 1302–1312 1305

 
https://doi.org/10.1007/s10118-024-3197-2

 

https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2
https://doi.org/10.1007/s10118-024-3197-2


been  proven  to  be  rather  accurate  (with  only  a  few  percent
deviation from Monte Carlo, MC, results) for both one-compo-
nent  HS  systems  and  HS  mixtures  over  the  entire  range  of
densities.[21,22] We  refer  readers  to  Ref.  [26]  for  a  review  on
FMT and various mFMTs.

On the other hand, Wertheim’s TPT[23] is for homogeneous
polymeric systems and the case where an attractive site on a
segment can take part in only one attractive interaction (e.g.,
bond), known as the singly-bonded condition; segments each
having  one  attractive  site  can  only  form  dimers,  those  each
having two attractive sites can form linear and ring polymers,
and  additional  attractive  sites  allow  the  formation  of
branched polymers. The only approximation in TPT is the sin-
gle-chain  approximation,  which  considers  only  one  chain  in
the system of monomeric segments.  We refer readers to Ref.
[29] for a pedagogical review on TPT.

For  a  bulk  system  of  THSCs,  Wertheim’s  TPT1  gives  its  ex-
cess Helmholtz free-energy density due to the chain connec-
tivity

fCH = ∑
i
( 1
Ni

− 1) ρi,blnyii(σ̃i) (2)

yii(σ̃i)
yii(σ̃i) = gii(σ̃i)

gii(σ̃i) = gPY
ii (σ̃i) + σ̃2

i ξ̃
2
2/72(1 − ξ3)3

gPY
ii (σ̃i) = 1/ (1 − ξ3) + σ̃i ξ̃2/4(1 − ξ3)2

ξ̃2 ≡ π∑
j
ρj,bσ̃

2
j ξ3 ≡ (π/6)∑j ρj,bσ̃

3
j

FCH = ∫ drΦCH(r)
ξ̃2 ξ̃

2
2 ζi(r)ñ2,i(r)/πσ̃2

i ζ(r)ñ2(r)
ζ(r)ñ2

2(r) ζi(r) ≡ 1 − ñ2,i(r) • ñ2,i(r)/
ñ2,i

2(r)

where  is the contact value of the cavity correlation func-
tion (CCF) between monomeric segments of species i; for a un-
charged HS mixture, , the contact value of the ra-
dial  distribution function (RDF) between HSs of species i in the
mixture.  Note  that  because  TPT1  only  considers  the  bonding
between a single pair of attractive sites, it conveys little informa-
tion on chain architecture and cannot accurately predict the be-
havior  of  long-chain  and  low-density  systems.[23] Yu  and  Wu

used  given by the Boublik-

Mansoori-Carnahan-Starling-Leland  equation  of  state,[27,28]

where  is given by the PY

theory  with  and ,  and  ex-

tended TPT1 to inhomogeneous (uncharged) THSCs by writing
the excess Helmholtz free energy due to the chain connectivity

as  with  the  corresponding  local  excess

Helmholtz free-energy density ΦCH(r)  obtained from the above
fCH by replacing ρi,b, ,  and ξ3 with , ,

 and n3(r), respectively, where 

; this gives[7,24]

ΦCH(r) = ∑
i

ζi(r)ñ2,i(r)
πσ̃2

i

( 1
Ni

− 1)
ln [ 1

1 − n3(r) + σ̃iζ(r)ñ2(r)
4(1 − n3(r))2 +

σ̃2
i ζ(r)ñ2

2(r)
72(1 − n3(r))3 ]

(3)

Fex = FHS
mFMT + FCH

They compared the inter- and intrachain  segment  RDFs  of  un-
charged THSCs each having N≤20 segments predicted by their
PDFT with  to those obtained from MC simu-
lations and found good agreement.[19]

4 ELECTROSTATIC CORRELATIONS FOR
ELECTROLYTES (CHSs)

4.1 Bulk Systems—The MSA Theory
Here we consider a bulk system of ions (i.e., Ni=1 for all i) mod-
eled  as  HSs  with  their  charges  located  at  the  center  of  the
sphere (i.e., PCM, also referred to as charged hard spheres, CHSs,

∑i Ziρi,b = 0hereafter)  under  the  electroneutrality  condition, .
The  OZ  equation  with  the  mean-spherical  approximation  clo-
sure (referred to as the MSA theory) then gives analytical results
of the excess Helmholtz free energy due to the electrostatic cor-
relations, FEC, and the thermodynamic and structural properties
of the system as shown below, which are used as the basis  for
PDFTs of PEs described in subsequent sections.

ĥij(q) = ĉij(q) +∑
k
ρk,bĉik(q)ĥkj(q)

f̂(q) ≡ (4π/q)∫ ∞

0
drrf(r)sin(qr)

r < (σ̃i + σ̃j)/2
r ⩾ (σ̃i + σ̃j)/2

Γ̃b

The  OZ  equation  gives ,
where hij(r) and cij(r) are, respectively, the total and direct pair
correlation functions (PCFs) between ions of species i and j in

the  system,  and  is  the  3D

Fourier  transform  of  a  radial  function f(r)  with q being  the
wavenumber.  The  MSA  closure  combines  the  exact  result  of
hij(r)=−1  for  and  the  approximation  of cij(r)  =
−ZiZjuC(r)  for .  Based  on  the  factorization
method of Baxter for mixtures,[30] Blum analytically solved the
MSA theory for the general case of arbitrary charge and size in
1975;[31] the solution contains a single parameter  obtained
from[31−33]

Γ̃
2
b =

π
ε̃
∑

i
ρi,bXi,b

2
(4)

with

Xi,b ≡
Zi − η̃bσ̃

2
i

1 + Γ̃bσ̃i

(5)

and

η̃b ≡ ∑
i

Ziρi,bσ̃i

1 + Γ̃bσ̃i
/[2

π +
1
3
∑

i

ρi,bσ̃
3
i (2 − Γ̃bσ̃i)

1 + Γ̃bσ̃i
] (6)

uEC
b = − (1/ε̃)∑i ρi,bZi(Zi − Xi,b)/σ̃i

fEC
b =

∫ 1/ ε̃
0

dλuEC
b (λ)/ λ = Γ̃

3
b/3π − (1/ ε̃)∑

i
ρi,bZi(Zi − Xi,b)/ σ̃i

uEC
b (λ) = −λ∑

i
ρi,bZi(Zi − Xi,b)/ σ̃i

μEC
i,b ≡ (∂fEC

b /∂ρi,b)V − {Γ̃bZi2/(1 + Γ̃bσ̃i) + η̃bσ̃i [(2Zi − η̃bσ̃
2
i )/(1 + Γ̃bσ̃i) + η̃bσ̃

2
i /3]} /ε̃

He  then  obtained  the  internal-energy  density  due  to  the
electrostatic  correlations ,  the

corresponding  excess  Helmholtz  free-energy density 

 with

 via the  Kirkwood’s  charging

process,  and  the  corresponding  excess  chemical  potential

 = 

 of species i.[34] Based  on Ref.  [31],

Hiroike  obtained  analytical  results  of  the  contact  value  of  the
RDF between CHSs of species i and j in the mixture

gMSA
ij ((σ̃i + σ̃j)/2) = gPY

ij ((σ̃i + σ̃j)/2) − 2Xi,bXj,b
ε̃ (σ̃i + σ̃j) (7)

gPY
ij ((σ̃i + σ̃j)/2) = 1/(1 − ξ3) + ξ̃2σ̃iσ̃j/2(1 − ξ3)2(σ̃i + σ̃j)where 

is  the corresponding value for  uncharged HSs given by the PY
theory, and their direct PCF cij(r).[32]

uEC
b

η̃b = 0

Ri = σ̃i/2 + 1/2Γ̃b
cij(r) − cPY

ij (r) cPY
ij (r)

−uS
ij(r)

r < ∣Ri − Rj∣

Later, Wei and Blum pointed out that the above  can be
approximated  (under  the  assumption  of )  by  that  in  a
mixture  of  charged  spherical  shells  (thus  CSM)  of  radius

 for species i.[18] Blum and Rosenfeld further

pointed out that , where  is the correspond-
ing direct PCF for uncharged HS mixtures given by the PY the-
ory,[35,36] can  be  approximated  as  derived  in  Sec. 2.2
(with the case of  missed);[33] that this gives the dif-
ferent  result  of cij(r)  = −ZiZjuC(r)  for r > Ri + Rj from  the  MSA
closure  above  leads  to  fCSM  and  tCSM[17] mentioned  at  the
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fEC
b Γ̃b

∂fEC
b /∂Γ̃b = 0

end of Sec. 2.2. Blum and Rosenfeld also pointed out that Eqs.
(4)~(6)  are  equivalent  to  minimizing  with  respect  to 

(i.e., ).[33]

4.2 Inhomogeneous Systems

FEC
BFD[{ρi}]

fEC
b Ṽ ∑

i
μEC
i,b ∫ dr (ρi(r) − ρi,b) − (1/2)∑

i,j
∫ drdr′(ρi(r)

ρi,b)cEC
ij (∣r − r′∣) (ρj(r′) − ρj,b) fEC

b μEC
i,b

cEC
ij (r) = cij(r) − cPY

ij (r)+
ZiZju

C(r)

For  inhomogeneous  electrolytes  (such  as  those  confined  be-
tween  two  hard  surfaces)  in  equilibrium  with  a  bulk  solution
having densities {ρi,b},  Kierlik and Rosinberg,[5] as well as Rosen-
feld,[37] proposed  the  bulk  fluid  density  (BFD)  method  in  early
1990s,  where  the  system  excess  Helmholtz  free  energy  due  to
the  electrostatic  correlations  is  approximated  by  a  quadratic
functional expansion around the bulk solution, i.e.,  =

 +  –

,  with ,  and  the  direct  PCF

due  to  the  electrostatic  correlations 

 between CHSs of species i and j in the bulk solution gi-
ven by the analytical results of the MSA theory shown in Sec. 4.1.

∑i Ziρi,r(r) = 0

FEC
RFD[{ρi}] = FEC

r [{ρi,r}]+∑i
∫ drμEC

i,r (r)Δρi(r) − (1/2)∑
i,j

∫ drdr′Δρi(r)cEC
ij,r (r, r′)Δρj(r′) FEC

r μEC
i,r (r) ≡ δFEC

r /δρi,r(r)
cEC
ij,r (r, r′) ≡ −δ2FEC

r /δρi,r(r)δρj,r(r′)
ρi,r(r) =

∫ dr′αi(r′)ρi(r′)Θ(Rc(r) − ∣r′ − r∣)/(4π/3) Rc3(r)
A(r) = ∑

i
Zi

2ρi(r)/(∑
i∈{Zi>0} Zi2ρi(r) + B(r)∑

i∈{Zi<0} Zi2ρi(r)) B(r)
−∑

i∈{Zi>0} Ziρi(r)/∑i∈{Zi<0} Ziρi(r)
Rc(r) = ∑

i
αi(r)ρi(r)σ̃i/2∑

i
αi(r)ρi(r)

+1/2Γ̃(r)
Γ̃b η̃b

Γ̃(r) η̃(r) μEC
i,r (r)

Γ̃(r)
cEC
ij,r (r, r′) cEC

ij,r (r, r′) ≈ −Δuij(∣r − r′∣)

In  2002,  Gillespie  and  co-workers  proposed  the  reference
fluid  density  (RFD)  method,  where  an inhomogeneous refer-
ence  system  having  {ρi,r(r)}  that  satisfy  the  local  charge  neu-
trality  is  used  instead  of  the  bulk  solution,

i.e., 

,  with , ,

and  being,  respectively,  the
excess  Helmholtz  free  energy,  excess  chemical  potential  of
species i,  and  the  direct  PCF  between  species i and j due  to
the  electrostatic  correlations  in  the  reference  system,
and  Δρi(r)≡ρi(r)−ρi,r(r).[13,14] In  particular,  they  took 

,  where αi(r)=

A(r) if Zi≥0 and αi(r)=A(r)B(r) otherwise with 

 and  =

 such  that  the  fluid  having

densities {αi(r)ρi(r)}  is  locally  charge  neutral (so  is  the  refer-
ence  fluid)  and  has  the  same  ionic  strength  at  each r as  the

system having {ρi(r)}, and 

; used the analytical results of the MSA theory shown
in Sec. 4.1 but with ρi,b, , Xi,b and  there replaced by ρi,r(r),

, Xi(r)  and ,  respectively,  to  obtain  (note  that
since  depends on ρi,r(r), it was solved iteratively from Eqs.
(4)−(6) at each r; and used the approximate result of Ref. [33]
to obtain , i.e., .[13,14]

FEC
fMSA[{ρi}] = ∫ drΦEC

fMSA({m2,i(r)}) ΦEC
fMSA(r)

m2,i(r) ≡ (σ̃i/2Ri)2 ∫ dr′ρi(r′)
w̃2(∣r − r′∣ ; Ri) Ri ≡ σ̃i/2 + 1/2Γ̃b Γ̃b

fEC
b

m2,i(r)/πσ̃2
i

In  2016,  Roth  and  Gillespie  proposed  the  functionalized
MSA (fMSA) method by writing the system excess Helmholtz
free  energy  due  to  the  electrostatic  correlations  as

 with ,  which  is  a

function of the weighted densities 

 with  and  solved  directly

from Eqs. (4)~(6), obtained from  of the MSA theory by re-

placing ρi,b there with ; that is,

ΦEC
fMSA(r) = Γ̃

3(r)
3π

−
1
πε̃

∑
i

m2,i(r)Zi (Zi − Xi(r))
σ̃3
i

(8)

Γ̃(r) Γ̃b
η̃b m2,i(r)/πσ̃2

i Γ̃(r) η̃(r)
FMF

CSM

r < ∣Ri − Rj∣
FMF

PCM

FMF
tCSM Fex = FMF

tCSM + FHS
mFMT

+FEC
fMSA FMF

fCSM

where  is solved at each r from Eqs. (4)~(6) with ρi,b, , Xi,b

and  there  replaced  by , , Xi(r)  and ,  re-

spectively.[15,16] They  also  used  (where  the  case  of
 was missed in their  CSM as mentioned in Sec. 2.2)

instead of  in their Fex;  by comparing with MC simulations
of monovalent and symmetric electrolytes near a charged hard
surface[38], they showed that using  (i.e., 

) gives better results than using .[15]

Gillespie and co-workers quantitatively compared DFT pre-
dictions  using  the  above  BFD,  RFD  and  fMSA  methods  with
extensive MC simulations of electrolytes (having monovalent
anions)  near  a  hard  surface[39],  and found that  overall  RFD is
the  best,  BFD  is  the  least  accurate,  and  fMSA  is  significantly
better  than  BFD,  making  it  a  reasonable  choice  that  is  less
computationally  expensive  than  RFD.[40] For  monovalent
cations,  all  three  DFTs  work  reasonably  well,  except  that  the
BFD predictions are qualitatively different from MC results at
very  low  surface  charge  densities.  For  multivalent  cations,
BFD  tends  to  significantly  underestimate  the  charge  inver-
sion  while  fMSA  overestimates  it.  All  three  DFTs  perform
poorly for small trivalent cations.[40]

ΦEC
JGW({ρi(r)}) = ΦEC

r ({ρi,r(r)}) +∑
i

∂ΦEC
r ({ρi,r(r)})
∂ρi,r(r)

Δρi(r) FEC
JGW[{ρi}] = ∫ drΦEC

JGW(r)
ΦEC

r ({ρi,r(r)}) = Γ̃
3(r)/3π − (1/ε̃)∑

i
ρi,r(r)

Zi (Zi − Xi(r)) /σ̃i

Γ̃(r) η̃(r)
∂ΦEC

r ({ρi,r(r)})/∂ρi,r(r)

In  2018,  Jiang et  al.[41,42] (JGW)  used  the  1st-order  Taylor

expansion 

 (thus ) around the inhomoge-

neous reference  fluid  having  {ρi,r(r)}  given by  the  RFD

method,[13,14] where 

 (which  can  be  compared  with  Eq.  (8))  with
the  same  expressions  for , Xi(r)  and  as  given  by  the

RFD  method,[13,14] and  is  given  in  the
Appendix.  They  showed  by  comparing  with  MC  simulations
of  symmetric  electrolytes  near  a  charged  hard  surface  and
asymmetric  electrolytes  near  a  uncharged  hard  surface[43]

that their method gives comparable results to RFD with only
moderate  quantitative  differences  when  the  contribution
from the electrostatic correlations is important (i.e., for highly
charged surfaces, large Bjerrum length, high valence, and in-
termediate  ion  concentrations),  but  is  easier  to  implement
than RFD.[41]

ΦEC
mfMSA(r) fEC

b

ξ3,i ≡ πρi,bσ̃
3
i /6 m2,i(r)/πσ̃2

i

m3,i(r) ≡ (σ̃i/2Ri)3 ∫ dr′ρi(r′)w3(∣r − r′∣ ; Ri)
(σi/2Ri)α ∫ dr′ρi(r′)wα(∣r − r′∣ ; Ri)

ΦEC
mfMSA(r)

FEC
mfMSA[{ρi}] = ∫ drΦEC

mfMSA({m2,i(r), m3,i(r)})) η̃(r) =
∑

i

Zim2,i(r)
σ̃i (1 + Γ̃(r)σ̃i)/[2 + 2∑i

m3,i(r) (2 − Γ̃(r)σ̃i)
1 + Γ̃(r)σ̃i

]

In 2021, Jiang and Gillespie[17] corrected the missing case in
CSM and proposed a modified version of fMSA (referred to as
mfMSA),  where  they  obtained  the  local  excess  Helmholtz
free-energy  density  due  to  the  electrostatic  correlations

 from  of  the  MSA  theory  by  replacing ρi,b and

 there  with  and  another  weighted

density ,  respective-

ly  (note  that  four dimensional weighted  densities

 for α=0,  1,  2,  3  are  used  in

Ref. [17], which are similar to nα,i(r) mentioned in Sec. 3);  this
gives  the  same  expression  of  as  Eq.  (8)  (thus

,  but  with 

 different

from that  given  by  the  fMSA  method.[17] By  comparing  the
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Fex = FMF
tCSM + FHS

mFMT + FEC
mfMSA

FEC
mfMSA

density  profiles  of  cations  near  a  charged  hard  surface,  they
found  that  fMSA  and  mfMSA  give  basically  the  same  result.
They also  compared their  mfMSA predictions  using PCM,  fC-
SM and tCSM,  as  well  as  the  BFD predictions,  with  extensive
MC  simulations  of  electrolytes  near  a  hard  surface,[39] and
found  that  their  DFT  with  gives
overall  the  best  agreement  with  MC  results  while  the  PCM
and BFD predictions are generally far worse;[17] that using tC-
SM  gives  better  predictions  than  using  fCSM  or  PCM  can  be
attributed to the inaccuracy of  in describing the elec-
trostatic correlations in the system.

5 CORRELATIONS FOR PEs (CHARGED THSCs)
DUE TO CHAIN CONNECTIVITY

yii(σ̃i) = gii(σ̃i)exp (Zi2/ ε̃σ̃i) gMSA
ii (σ̃i)

ε̃

gEXP
ii (σ̃i) = gPY

ii (σ̃i)exp (gMSA
ii (σ̃i) − gPY

ii (σ̃i))
yii(σ̃i) = gPY

ii (σ̃i)exp [(Zi2 − Xi,b
2)/ ε̃σ̃i]

fCH = fCH,HS + fCH,EC fCH,HS = ∑
i
(1/Ni − 1) ρi,blngPY

ii (σ̃i)
fCH,EC = (1/ ε̃)∑i (1/Ni − 1) ρi,b(Zi2 − Xi,b

2)/ σ̃i

For CHSs, ; since  is not very

accurate  and  can  even  be  negative  for  small  or  low  ionic
densities,  the  exponential  (EXP)  approximation[44]

 can  be  used  instead,

which  gives  according  to

Eq.  (7).  TPT1  with  the  EXP  approximation  therefore  gives

 with  and

.

FMF
PCM FHS

mFMT FEC
BFD

cEC
ij (r))

FCH
LW[{ρi}] = ∫ drΦCH

LW(r) ΦCH
LW(r)

ρi,bσ̃i ξ̃2

ζi(r)ñ2,i(r)/πσ̃2
i ñ2,i(r)/πσ̃i ζ(r)ñ2(r)

Γ̃b η̃b yii(σ̃i) Γ̃(r) η̃(r)
yii(r; σ̃i) ΦCH

LW(r)=∑i

ζi(r)ñ2,i(r)
πσ̃2

i

( 1
Ni

−1)
[ln ( 1

1 − n3(r) + σ̃iζ(r)ñ2(r)
4(1 − n3(r))2 ) + Zi

2 − Xi
2(r)

ε̃σ̃i
] Γ̃(r)√(1/ε̃)∑

i
ñ2,i(r)Xi2(r)/σ̃2

i

η̃(r) = ∑
i

Ziñ2,i(r)
σ̃i (1 + Γ̃(r)σ̃i)/[2 + 2∑i

n3,i(r) (2 − Γ̃(r)σ̃i)
1 + Γ̃(r)σ̃i

]
σ̃i = ε̃ = 1

σ̃i = 1
ε̃ ≈ 0.595

In 2006, Li and Wu[45,46] (LW) proposed a PDFT for inhomo-
geneous PE systems; they used ,  and  (thus ne-

glecting  the  effects  of  chain  connectivity  on ,  and  ex-
tended TPT1 to inhomogeneous systems by writing their  ex-
cess  Helmholtz  free  energy  due  to  the  chain  connectivity

,  where  is  obtained from fCH of

TPT1 under the EXP approximation[44] with ρi,b, ,  and
ξ3,i there  replaced by , ,  and
n3,i(r)  (thus , , Xi,b and  by , , Xi(r)  and

), respectively; this gives 

,  =

, the  same  expression  for Xi(r)

as  in  Sec. 4.2,  and 

.  They  compared  their  PDFT  pre-

dictions with  MC  simulations[47] of monovalent  systems  (i.e.,
|Zi|=1) of PEs each having N=10 segments near an oppositely
charged  hard  surface  without  salt  (where )  and
found good agreement in the density profiles of PE segments
and  ions  at  various  surface  charge  densities  and  PE  concen-
trations in the bulk solution.[45,46] Jiang and Wu also reported
similar  comparisons  for  trivalent  counterions  (where 
and )  at  two  PE  concentrations  in  the  bulk
solution.[48]

In 2018, Jiang et al.[41,42] showed that the above method of
extending TPT1 to inhomogeneous PE systems is only appro-
priate  when  the  electrostatic  interactions  are  weak  or  when
the non-bonded interactions are dominated by the HS contri-

FCH
JGW[{ρi}] = ∫ dr(ΦCH,HS(r)+

ΦCH,EC
JGW (r)) ΦCH,HS(r)

ñ2,i(r)/πσ̃2
i

ΦCH,HS(r) = ∑
i

ñ2,i(r)
πσ̃2

i

( 1
Ni

− 1) ln [ 1

1 − n3(r) + σ̃iñ2(r)
4(1 − n3(r))2σ̃2

i ñ
2
2(r)

72(1 − n3(r))3 ]
ΦCH,EC

JGW ({ρi(r)}) = ΦCH,EC
r ({ρi,r(r)}) ∑i

∂ΦCH,EC
r ({ρi,r(r)})
∂ρi,r(r) Δρi(r)

ΦCH,EC
r ({ρi,r(r)}) (1/ε̃)∑

i
ρi,r(r) (1/Ni − 1) (Zi2 − Xi

2(r))/σ̃i ∂ΦCH,EC
r ({ρi,r(r)})/∂ρi,r(r)

ΦEC
JGW({ρi(r)})

bution, and proposed their excess Helmholtz free energy due

to  the  chain  connectivity  as 

,  where  is  obtained  from fCH of  TPT1  for
bulk mixtures of uncharged THSCs given in Sec. 3 with ρi,b and

ξ3 there  replaced  by  and n3(r),  respectively, i.e.,

 +

 (which  can  be  compared  with  Eq.  (3)),  and

 + 

with  = 

 and  given  in  the Appendix

(which is consistent with their  given in Sec. 4.2).

FCH
CJ [{ρi}] = ∫ dr(ΦCH,HS(r) +ΦCH,EC

mfMSA({m2,i(r), m3,i(r)}))
ΦCH,EC

mfMSA(r) fCH,EC

m2,i(r)/πσ̃2
i

fCH = ∑
i
(ρi,b/Ni) [∑NB

k=1
(1 − Nk) lnyk,k(σ̃i)−

∑NB−1

k=1
lnyk,k+1(σ̃i)] yk,k′ (σ̃i) = gii(σ̃i)exp (ZkZk′/ ε̃σ̃i)

ΦCH,EC
mfMSA(r)= (1/πε̃)∑i

(m2,i(r)/Niσ̃
3
i ) [∑NB

k=1
(1−Nk) (Zk2−Xk

2(r))
−∑NB−1

k=1
(ZkZk+1 − Xk(r)Xk+1(r))] .

FCH
QJ [{ρi}] = ∫ dr(ΦCH(r) +ΦCH,EC

MSA ({m2,i(r)}))
ΦCH,EC

MSA ({m2,i(r)})
fCH,EC m2,i(r)/πσ̃2

i

ΦCH,EC
MSA (r) = (1/πε̃)∑i (m2,i(r)/

Niσ̃
3
i ) [∑NB

k=1
(1 − Nk) (Zk2 − Xk,b

2) −∑NB−1

k=1
(ZkZk+1 − Xk,bXk+1,b)]

More  recently,  Chang  and  Jiang  wrote  their  excess
Helmholtz  free  energy  due  to  the  chain  connectivity  as

,  where

 is  obtained  from  of  TPT1  with ρi,b and ξ3,i

there  replaced  by  and m3,i(r),  respectively,  in  the
same  way  as  the  mfMSA  method.[49] For  block  polyelec-
trolytes (BPEs) that they studied, where each chain of species i
consists  of NB blocks with block k (=1,  …, NB)  having Nk seg-
ments of valence Zk (note that NB, k, Nk and Zk all depend on i),

Eq.  (2)  becomes 

 with  being

the  contact  value  of  the  CCF  between  segments  in  block k
and  those  in  block k' of  species i;  they  therefore  obtained

[49] Qing  and  Jiang,  however,

wrote  their  excess  Helmholtz  free  energy  due  to  the  chain

connectivity  as ,

where  ΦCH(r)  is  given  by  Eq.  (3)  and  is  ob-

tained  from  of  TPT1  with ρi,b replaced  by 

but Xi,b unchanged;  this  gives 

for the BPEs.[50]

6 APPLICATIONS OF VARIOUS PDFTs OF PE
SYSTEMS

Unless specified otherwise, in all PDFTs of PEs, the PEs are mod-
elled as charged THSCs, the ions as CHSs, and the confining sur-
faces  as  hard  and  flat  surfaces;  all  PDFT  calculations  of  PE  sys-
tems have been performed in 1D.

Fex = FMF
PCM + FHS

mFMT +
FEC

BFD + FCH
LW

Li  and  Wu  proposed  their  PDFT  with 

 and applied it to salt-free PE systems near an oppo-
sitely charged hard surface.[45−46] Wu and co-workers then ap-
plied it to study the effects of chain length and grafting densi-
ty,  counterion  valence  and  size,  and  bulk  salt  concentration
on  PE  brushes  grafted  onto  a  uncharged  surface,[48,51,52] as
well  as  the  effects  of  chain  length,  counterion  valence,  sur-
face charge density, and bulk salt concentration on the PE ad-
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sorption at both oppositely and likely charged surfaces.[53]

Wu and co-workers also applied their PDFT to study the os-
motic  pressure  and  radial  distribution  of  double-stranded
DNA  confined  in λ-bacteriophages  (modelled  as  an  un-
charged spherical  shell,  with  an extra  term in Fex accounting
for  the  van  der  Waals  attraction  between  PE  segments  and
ions via the  mean-field  approximation)[54],  the  electrostatic
regulation of pregenomic RNA packaging in Hepatitis B virus
nucleocapsid  (modelled  as  a  charged  spherical  shell  with
grafted and charged THSCs representing the highly flexible C-
terminal domain chains),[55] and the radial distributions of the
C-terminal  domain  chains  and  nucleic  acids  (modelled  as
charged  THSCs  with  a  bending  potential)  in  the  Hepatitis  B
virus  nucleocapsid  at  the  beginning  and  final  stages  of  viral
reverse  transcription.[56] More  recently,  Cheng et  al.  applied
this  PDFT[45,46] to  study  the  competitive  adsorption  between
surfactants (modeled as THSCs each of ten segments with on-
ly one end-segment negatively charged) and polyanion (sodi-
um polyacrylate)  chains on an oppositely charged (rock) sur-
face and in rock crevices, and found the optimal chain length
and  concentration  for  reducing  the  surfactant  adsorption  in
the process of chemical-enhanced oil recovery.[57]

Fex = FMF
PCM + FHS

mFMT+

FEC
JGW + FCH

JGW

∑i σ̃
3
i ρi(r)

FHS
mFMT

Jiang et  al. proposed  their  PDFT  with 

 and applied it to salt-free PE systems confined be-

tween two uncharged surfaces.[41] They also applied a variant
of  their  PDFT  to  incompressible  PE  solutions,  where  solvent
molecules are explicitly included as uncharged HSs under the
constraint of  being a constant at all r, confined be-

tween either uncharged surfaces to study the origin of oscilla-
tory  mediated  interactions  between  the  surfaces[42] or  likely
charged surfaces (having the same type of charges as the PEs)
with  a  modified  9-3  potential  attractive  for  the  PEs  to  study
their  non-electrostatic  adsorption  and  mediated  interactions
between  the  surfaces[58];  in  this  case  is  omitted,  and
their ρi,r(r)  for  the  solvent  is  chosen  such  that  the  reference
fluid is also incompressible.

Fex = FMF
tCSM+

FHS
mFMT + FEC

mfMSA + FCH
CJ

Fex = FMF
tCSM + FHS

mFMT + FEC
BFD + FCH

CJ

Chang  and  Jiang  proposed  their  PDFT  with 

 and  applied  it  to  study  the  effects  of

block length and sequence on the salt-enhanced adsorption
of  BPEs  consisting  of  (positively)  charged  and  uncharged
blocks at an oppositely charged surface.[49] They subsequent-
ly applied it to analyze the microstructures of such BPEs con-
fined  between  two  identical  and  (negatively)  charged  sur-
faces, and the relationship between the block length and se-
quence and the  BPE-mediated attractive  forces  between the
surfaces.[59] Most recently, they applied a variant of their PDFT
with  to  study systems similar

to  those  in  Ref.  [59]  but  with  short  negatively  charged  PEs
added to enhance the adhesive strength at high salt concen-
trations.[60]

Fex = FMF
PCM + FHS

mFMT+
FCH

Fex = FMF
PCM + FHS

mFMT + FEC
mfMSA + FCH

QJ

Qing  and  Jiang  applied  a  PDFT  with 
,  where FCH is  given in Sec. 3 but extended to uncharged

block  copolymers  (that  is,  the  electrostatic  correlations  are
neglected  here),  to  BPE  brushes  consisting  of  charged  and
uncharged  blocks  grafted  onto  a  uncharged  surface.[61] In  a
subsequent work they included the electrostatic correlations,
i.e., ,  and studied the effects

of chain length and grafting density, brush composition, bulk
salt  concentration  and  surface  voltage  on  the  structure  and
energy-storage  capacity  of  BPE  brushes  and  mixed  brushes
consisting  of  uncharged  and  PE  (either  polyanion  or  polyca-
tion) chains.[50]

Fex = FMF
PCM + FHS

mFMT + FEC
RFD + FCH

LW

Most recently, Wu and co-workers applied a variant of their
PDFT with  to study the effects
of chain length and grafting density,  counterion size and va-
lence,  and  salt  concentration  on  the  surfaces  forces  and
swelling  behavior  of  two  identical  and  opposing  PE  brushes
each grafted onto a uncharged surface.[62]

7 SOME PERSPECTIVES ON FUTURE WORK

It is clear from the above that PDFTs have distinct advantages in
the study of PE systems over experiments and molecular simu-
lations.  In  great  contrast  to  the  well-developed  and  now  rou-
tinely  performed  3D  SCFT  calculations,  however,  PDFT  calcula-
tions have been much less developed and applied in the litera-
ture; 2D[63,64] and 3D[65] PDFT calculations have rarely been per-
formed, mainly due to the inefficient numerical  methods used.
In fact, for long chains SCFT and PDFT calculations have compa-
rable  computational  cost,  most  of  which  are  for  solving  the
propagators.  Implementing  some  of  the  efficient  numerical
methods[66−68] recently  developed  for  SCFT  calculations  can
therefore readily enable 3D PDFT calculations.

Also  in  great  contrast  to  the  systematic  and  comprehen-
sive  assessment,[17,40] via quantitative  comparisons  with  MC
simulations of the same model system as used in DFTs, of the
various  functional  forms  proposed  for  treating  the  electro-
static  correlations  in  electrolytes,  such  assessment  on  treat-
ing the chain correlations in PE systems is lacking, particularly
for chains longer than 10 segments. This is in part due to the
scarce MC simulation data of charged THSCs[69−74] reported in
the  literature,  as  most  molecular  simulations  of  PE  systems
use different models than that of charged THSCs to avoid the
restriction  of  fixed  bond  length  and  the  discontinuity  of  HS
potential  (thus  to  take  advantage  of  the  efficient  paralleliza-
tion  provided  by  general  molecular  dynamics  simulation
packages).  Quantitatively  assessing  the  existing  PDFTs
against  such  simulation  results  therefore  calls  for  a  carefully
designed procedure that minimizes the ambiguity of parame-
ter-fitting between the different models. On the other hand, it
is  desirable  to  develop  other  versions  of  PDFTs  that  are  not
based  on  the  THSC  model,  such  as  that  proposed  by  Chan-
dler and co-workers[75,76] and its variant.[6,8,77]

Last but not least, given that the shortcomings of TPT1 are
well-known,[23] it  is  also  desirable  to  develop  more  accurate
approaches  for  treating  the  chain  correlations,  which  would
be useful for longer chains. Another way to better capture the
chain  conformations  is  the  self-consistent  PDFT
calculation,[78,79] which  combines  single-chain  simulations
with  PDFT  calculations  but  has  not  been  applied  to  PE  sys-
tems yet; note that, while molecular simulations are computa-
tionally  much  more  intensive  than  PDFT  calculations,  such
single-chain  simulations  are  still  orders  of  magnitude  faster
than the many-chain simulations, especially for long-chain PE
systems.
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Appendix:

∂ΦEC
r (r)

∂ρi,r(r)
ΦEC

JGW({ρi(r)}) ∂ΦCH,EC
r (r)

∂ρi,r(r) ΦCH,EC
JGW ({ρi(r)})

ΦEC
r ({ρi,r(r)}) = Γ̃

3(r)/3π − (1/ε̃)∑j ρj,r(r)Zj (Zj −
Xj(r)) /σ̃j ΦCH,EC

r ({ρi,r(r)}) = (1/ε̃)∑j ρj,r(r) (1/Nj − 1) (Zj2−
Xj

2(r)) /σ̃j

Here we follow our notation in the main text and derive 

in  and  in  proposed  in

Ref.  [41].  From 

 and 

, we find

∂ΦEC
r (r)

∂ρi,r(r) =
Γ̃

2(r)
π

∂Γ̃(r)
∂ρi,r(r) − 1

ε̃
[Zi (Zi − Xi(r))

σ̃i
−

∑
j
ρj,r(r)Zj ∂Xj(r)/ σ̃j

∂ρi,r(r) ] (9)

∂ΦCH,EC
r (r)

∂ρi,r(r) = 1
ε̃
[( 1

Ni
− 1) Zi2 − Xi

2(r)
σ̃i

− 2∑j ρj,r(r) ( 1
Nj

−1)
Xj(r)∂Xj(r)/σ̃j

∂ρi,r(r) ]
and 

, respectively.

∂Xj(r)/ σ̃j

∂ρi,r(r) aj(r) ≡ (1/σ̃j + Γ̃(r))−1

∂aj(r)
∂ρi,r(r) = −aj

2(r) ∂Γ̃(r)
∂ρi,r(r)

Xj(r) = σ̃jaj(r)(Zj/σ̃2
j − η̃(r))

∂Xj(r)/ σ̃j

∂ρi,r(r) = −aj(r) ( ∂η̃(r)
∂ρi,r(r) + Xj(r)

σ̃j

∂Γ̃(r)
∂ρi,r(r) )

∂η̃(r)
∂ρi,r(r) a(r) ≡ 2/π+

∑
j
σ̃2
j ρj,r(r)aj(r)(2 − σ̃j Γ̃(r))/3

∂a(r)
∂ρi,r(r) = 1

3
σ̃2
i ai(r)(2 − σ̃i Γ̃(r)) −∑

j
σ̃2
j ρj,r(r)aj2(r) ∂Γ̃(r)∂ρi,r(r)

η̃(r) = ∑
j
Zjρj,r(r)aj(r)/a(r)

∂η̃(r)
∂ρi,r(r) 1

a(r) {ai(r) [Zi − σ̃2
i

3
η̃(r) (2 − σ̃i Γ̃(r))] −∑

j
σ̃jρj,r(r)aj(r)

Xj(r) ∂Γ̃(r)∂ρi,r(r)}

To obtain , we first introduce 

for  each  species j,  which  gives ,  then

from  (which  can  be  compared  to

Eq.  (5))  we  find .

Similarly, to  obtain ,  we  first  introduce 

,  which  with  the  above  results

gives ,

then  from  (which  can  be  com-

pared to  Eq.  (6))  we  obtain  after  some manipulation

 = 

. Finally, from

Γ̃
2(r) = π

ε̃
∑

j
ρj,r(r)Xj2(r) (10)

∂Γ̃(r)
∂ρi,r(r)

π

2ε̃Γ̃(r) (Xi2(r) + 2∑
j
σ̃jρj,r(r)Xj(r)∂Xj(r)/σ̃j

∂ρi,r(r) )
∂Xj(r)/ σ̃j

∂ρi,r(r) ∂η̃(r)
∂ρi,r(r) ∂Γ̃(r)

∂ρi,r(r)
Xi

2(r)/2 − ai(r) [Zi − (σ̃2
i /3) η̃(r) (2 − σ̃i Γ̃(r))] b(r)/a(r)

ε̃Γ̃(r)/π +∑
j
ρj,r(r)aj(r)Xj2(r) − b2(r)/a(r)

b(r) ≡ ∑
j
σ̃jρj,r(r)aj(r)Xj(r) ∂ΦEC

r (r)
∂ρi,r(r) ∂ΦCH,EC

r (r)
∂ρi,r(r)

which  can  be  compared  to  Eq.  (4),  we  obtain  =

;  with  the  above  re-

sults  of  and , we  can  then  obtain  =

,  where

, thus  and .

∂ΦEC
r (r)

∂ρi,r(r) ∂Γ̃(r)
∂ρi,r(r)

∂Xj(r)/ σ̃j

∂ρi,r(r) ∂η̃(r)
∂ρi,r(r)

Note,  however,  that  is  independent  of .

Substituting  the  above  results  of  and  into

∂ΦEC
r (r)

∂ρi,r(r) = ( Γ̃2(r)
π −

1
ε̃
∑j ρj,r(r)Xj2(r)) ∂Γ̃(r)

∂ρi,r(r) − 1
ε̃
{Zi Zi − Xi(r)

σ̃i

η̃(r)ai(r) [Zi − σ̃2
i

3
η̃(r) (2 − σ̃i Γ̃(r))]}

μEC
i,r (r) μEC

i,b

Eq.  (9),  we  obtain  after  some  manipulation

+ , where  the  first  term on

the right-hand-side vanishes according to Eq. (10);  this is  the
same as  in the RFD method or  in the BFD method
(i.e., with ρi,r(r)=ρi,b for all i).
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